Extending a previous result on the generation of two-photon generalized binomial field states, here we propose an efficient scheme to generate with high-fidelity, in a single-mode high-Q cavity, N -photon generalized binomial states with a maximum number of photons N > 2. Besides their interest for classical-quantum border investigations, we discuss the applicative usage of these states in realizing universal quantum computation, describing in particular a scheme that performs a controlled-NOT gate by dispersive interaction with a control atom. We finally analyze the feasibility of the proposed schemes, showing that they appear to be within the current experimental capabilities.
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I. INTRODUCTION
Nonclassical states of electromagnetic field are an important theoretical and experimental resource in quantum optics, being they relevant for fundamental aspects of quantum mechanics and also for applications in quantum information and computation [1, 2, 3] . "Quantum field state engineering" has thus become of interest; cavity quantum electrodynamics (CQED) has been successful as a suitable framework to this purpose [1, 4] . CQED schemes have been proposed to generate quantum field states using the interaction of consecutive atoms with a high-Q cavity [5, 6] . A two-photon Fock state was also generated and probed [7] .
An important class of nonclassical electromagnetic field states is that of the N -photon generalized binomial states (N GBSs) [8, 9] . Recently, N GBSs have been object of a new interest because they can be utilized as reference states in schemes to measure the canonical phase of quantum electromagnetic field states [10, 11] . It has been recently pointed out [12] that the N GBSs are the exact electromagnetic correspondent of the well-known coherent atomic states [13] . This correspondence suggests that N GBSs could be naturally produced by interactions between two-level atoms and quantum electromagnetic field. In fact, it has been shown that it is possible to efficiently generate both single 2GBSs and their quantum superpositions [14, 15] . Entangled 2GBSs can also be obtained, in two spatially separated cavities, by standard resonant atom-cavity interactions [16, 17] .
In order to investigate the quantum-classical border it appears important to consider quantum superpositions of orthogonal states that approach the classical limit. Within the electromagnetic field states, Fock (number) states present nonclassical features also at high N while coherent states, although suitable for the classical limit, * Electronic address: lofranco@fisica.unipa.it; URL: http://www.fisica.unipa.it/ ∼ lofranco are never exactly orthogonal. On the other hand, N GBSs are intermediate between number and coherent states because for large N they approach coherent states and have thus a classical limit, while given an arbitrary N GBS it is always possible to find an orthogonal one [18] . Moreover, they present nonzero field expectation values. These characteristics allow to construct quasi-classical superpositions of orthogonal N GBSs. These superpositions could also find applications in quantum information. For this, it is crucial to find realistic efficient schemes to generate N GBSs with N > 2. This constitutes one of the main issues of this work. This is here accomplished by extending a CQED generation procedure already proposed and limited to a maximum number of photons N = 2 [14, 15] . A second purpose of this paper is to discuss the applicative role played by N GBSs (with N > 2) for realizing universal quantum computation within the CQED framework. In particular, we show that it is possible to realize a controlled-NOT (CNOT) gate that relies on the possibility to prepare a N GBS in a cavity and then to control its dispersive interaction with a Rydberg atom.
The paper is organized as follows. In Sec. II we recall the definition of a N GBS and the Hamiltonian model which describes the dynamics of our system. In Sec. III we illustrate our efficient generation scheme of a N GBS in a cavity. In Sec. IV we show the realization of a CNOT gate by means of N GBSs and a control atom. In Sec. V we analyze the experimental feasibility of the proposed schemes and in Sec. VI we give our conclusions.
II. GENERALIZED BINOMIAL STATES AND HAMILTONIAN MODEL
The normalized N -photon generalized binomial state (N GBS) is defined as [8] 
where 0 ≤ p ≤ 1 is the probability of single photon occurrence, φ the mean phase [9] and b (N ) n are the binomial coefficients
In the case φ = 0, the properties of this state [8, 9, 19, 20] , also during interaction with atoms [21, 22] , have been studied. The N GBS of Eq. (1) becomes the vacuum state |0 when p = 0 and the number state |N when p = 1. For N → ∞ and p → 0, so that N p = cost ≡ |α| 2 , the N GBS becomes the coherent state ||α|e iφ . Thus, N GBSs are intermediate between the number and the coherent state. Finally, the states |N, p, φ and |N, 1 − p, π + φ are orthogonal [18] .
The resonant interaction of a two-level atom with a single-mode high-Q cavity is described by the usual Jaynes-Cummings Hamiltonian [23] 
where ω is the cavity field mode, g the atom-field coupling constant, a and a † the field annihilation and creation operators and 
where | ↑ |n ≡ | ↑ n , | ↑ |n ≡ | ↓ n , a † a|n = n|n and t is the atom-cavity interaction time.
III. EFFICIENT GENERATION SCHEME OF
In this section we describe an efficient scheme to generate N GBSs in a single-mode high-Q cavity.
A conditional scheme by which N GBSs are generated in a cavity has been already proposed [25] . This scheme utilizes the resonant interaction of N consecutive monokinetic two-level atoms with the single-mode cavity, initially in the vacuum state. This scheme requires that all the N atoms are detected in their ground state, and the success generation probability is of the order of 1/2 N [6, 25] . Thus, the efficiency rapidly decreases as N increases.
Alternatively, an efficient, quasi-deterministic scheme has been presented, that exploits the resonant interaction of two consecutive two-level atoms with the single-mode cavity field, to generate a 2GBS in a cavity [14] . The essence of this scheme is the utilization of different interaction times for the two atoms, that allows to obtain the desired cavity state without the necessity of a final atomic state detection. However, exploitation of this scheme is limited to a maximum number of photons N = 2 and it is not generalizable to a larger value of N . Our aim is thus to find a scheme that efficiently generates the N GBS defined in Eq. (1) for N > 2.
The experimental setup of our general scheme is sketched in Fig. 1 . N consecutive two-level atoms resonantly interact, one at a time, first with a Ramsey zone [26] , where they are prepared in a superposition of its two levels, and successively with the cavity at the beginning in the vacuum state. Finally, they are detected by field ionization detectors. The probability to generate the desired N GBS is thus given by the probability to detect all the atoms in the ground state. We shall not consider the free evolution times of atoms and cavity field, because they can be set at zero in an experiment by appropriately adjusting the atomic separation and the distances between the interaction zones [27] . As suggested by the previous scheme for the 2GBS generation [14] , the idea is to exploit suitable atom-cavity interaction times, different for each atom. These different interaction times can be experimentally obtained by selecting either different velocities for each atom or, more easily, the same velocity for all the atoms ("monokinetic atomic beam") and then applying a Stark shift inside the cavity for a time such as to have the desired resonant interaction time [27] . The initial atomic velocity can be selected by laser induced atomic pumping [27] . The typical cavity quality factor Q must be sufficiently high, as will be later shown to be the case, to allow the cavity field not to significatively decay during the time necessary for the crossing of N atoms, with N sufficiently large.
A. The general procedure
In our scheme the k-th two-level atom (k = 1, . . . , N ) is prepared by the Ramsey zone in a superposition of its levels given by
where 0 ≤ p ≤ 1 is equal for all the atoms and ϕ k is the relative phase between the two atomic levels which will be related to the mean phase φ of the N GBS to be generated. The values of p and ϕ k can be fixed by adjusting the Ramsey zone settings, i.e. the classical field (laser) amplitude and the atom-field interaction time.
Let us consider the k-th step of the generation procedure and suppose that, before the injection of the k-th atom, the (k − 1)-th atom has left the cavity in a state of the form
where N k−1 is a normalization constant and the coefficients c (k−1) n are real. Note that for k = 1 this state reduces to the vacuum state |0 . Before the k-th atom enters the cavity, the total atom-cavity state is thus factorized in |χ k |ψ k−1,p,φ . The k-th atom then resonantly interacts with the cavity for a time T k . Using Eqs. (4), (5) and (6) we find that, after the interaction time T k , the total atom-cavity state becomes, apart from an unimportant global phase factor,
where
with Φ k = φ + ϕ k . We now suppose that the state |ψ k−1,p,φ of Eq. (6) is exactly the (k − 1)GBS |k − 1, p, φ defined in Eq. (1), for which N k−1 = 1 and c
are simultaneously satisfied, it is readily seen from Eq. (7) that the atom would deterministically exit the cavity in the ground state | ↓ and, as shown in Appendix A, we would have c
n . The sign "+" ("−") in Eq. (9) corresponds to set Φ k = 0 (π) in Eq. (8) . Thus, the resulting cavity field state would be just the kGBS |k, p, φ of Eq. (1), provided that negative (positive) values of the functions sin(g √ nT k ) are chosen. Note that the appropriate relative phase ϕ k of the prepared atomic state |χ k is fixed by the condition Φ k = 0 (π) as
and it depends on the phase φ of the previous cavity state. While for the case k = 1 the only equality of Eq. (9) can be exactly satisfied by a single value of T 1 , unfortunately, for each k > 1 the k conditions of Eq. (9) cannot be simultaneously satisfied by a single value of T k . However, it can be shown by a numerical analysis that a value of the interaction time T k exists such that the k equalities of Eq. (9) are with good approximation satisfied and the resulting cavity state, after measuring the k-th atom in the ground state, is with high fidelity the kGBS. The effective cavity state resulting from this k-th step of the procedure has thus the form
as seen from Eq. (7), and it is obtained with probability
The procedure ends successfully when all the N atoms have been detected in the ground state, so that the final cavity state is |ψ N,p,φ of Eq. (11) with k = N , generated with probability
In order to evaluate how much the generated cavity state |ψ N,p,φ is near to the desired N GBS |N, p, φ , we calculate the fidelity F N (p) = | N, p, φ|ψ N,p,φ | 2 whose explicit form is
It is evident that the more the effective coefficients c (N ) n are near to the binomial coefficients b
n , the more both the generation probability and the fidelity are near to one.
Among the possible ways by which the numerical analysis can be accomplished, we choose to look for an interaction time T k that is solution of the condition n = k − 1 of Eq. (9), taking into account that the typical CQED experimental conditions limit the interaction times T inside the range 10
. This procedure will be shown to be efficient. For each k > 1 the binomial coefficients b (k−1) n appearing in Eq. (9) will be then substituted by the effective coefficients c (k−1) n resulting from the previous (k − 1)-th state |ψ k−1,p,φ of the procedure. In the following, we give the values of the suitable interaction times for each 1 ≤ k ≤ N , reporting the generation probabilities and the fidelity of the target N GBSs. The first two steps of the procedure are only intermediate steps to generate N GBSs with N larger than two.
As said before, the cavity is initially taken in the vacuum state |0 . The atom 1 is prepared in the superposition |χ 1 of Eq. (5) with an arbitrary relative phase ϕ 1 that will be related to the mean phase of the final generated N GBS. The evolved atom-cavity state at time T 1 is readily obtained by Eq. (7) and has the form
We choose the interaction time
so that the final total state, after the atom 1 exits the cavity, is factorized as |Ψ 1 (T 1 ) = e iϕ1 |1, p, −ϕ 1 | ↓ , where the atom is in the ground state and the cavity field state is in the 1GBS given by Eq. (1) with N = 1 and φ = −ϕ 1 .
The atom 2 is then prepared in the superposition |χ 2 of Eq. (5) with relative phase
and it interacts with the cavity for a time
This gives an intermediate cavity state |ψ 2,p,φ of the form of Eq. (11) with φ = −ϕ 1 and coefficients c
n given by
2 ≈ −(1 − 3.114 × 10 −3 ). (19) At this stage, the state |ψ 2,p,φ only has the role of intermediate state for generating the N GBS with N > 2. The probability to obtain this intermediate cavity state, equal to the probability to detect the second atom in the ground state, is
In the next step, the atom 3 is prepared in the superposition |χ 3 given by Eq. (5) with relative phase
and its interaction time with the cavity is
1 /|c
where the coefficients c
1 , c
2 are given in Eq. (19) . This interaction time is such that gT 3 ≈ 11.784. This gives a resulting cavity state |ψ 3,p,φ of the form of Eq. (11) with k = N = 3, mean phase φ = −ϕ 1 and the coefficients c (3) n listed in Tab. I. The probability P 3 (p) to detect the the third atom in the ground state is found from Eq. (12) and it has the value
which is inside the range 1 − 10 −2 ≤ P 3 (p) ≤ 1 for any value of p. The probability to generate the cavity state |ψ 3,p,φ is then, from Eq. (13),
much higher than the correspondent generation probability of precedent conditional schemes ∼ 1/8 [6, 25] . In order to estimate how much the resulting state |ψ 3,p,φ is near to the "target" 3GBS |3, p, φ , we calculate the fidelity F 3 (p) of Eq. (14), which is found to tend to one for p → 0 and for p = 1/2 takes the value
Thus, the state |ψ 3,p,φ can be effectively identified with the 3GBS |3, p, φ of Eq. (1). In order to reach larger value of N , the procedure then proceeds by preparing each atom successive to the third one in the superposition |χ k of Eq. (5) with relative phase
Each atom then interacts with the cavity for a time 
very near to the correspondent binomial coefficients b
n . Note that the mean phase φ k is fixed by the atomic relative phase ϕ 1 . When k = N , the cavity state |ψ N,p,φ of Eq. (11) gives an accurate measure of the approximation and it can be useful in those cases where only the value of some binomial coefficients of the cavity field state is important. The mismatches are contained in the range 10 −4 ≤ δ (N ) n ≤ 10 −1 depending on the values of N and n. We find that the fidelity results very near to one for 4 ≤ N ≤ 10, tends to one for p → 0 and in particular, for p = 1/2, takes the value 
where N is the maximum number of photons of the cavity field state and n = 0, . . . , N . We list c
The probability P k (p) to detect each time the k-th atom in the ground state is found to be near to one for any value of p (P k (p) ∼ 1 − 10 −2 ). The probability P N (4 ≤ N ≤ 10) to generate the cavity state |ψ N,p,φ of Eq. (11) is then calculated by Eq. (13) and it results to be inside the range
much higher than the probabilities of precedent conditional schemes (≤ 1/16). These high generation probabilities should make our scheme of experimental interest.
In principle, we could proceed with this generation scheme for values of N larger and larger, but we have to note from Eq. (27) that the interaction time of each atom with the cavity becomes shorter and shorter. In a practical experiment, it could be difficult both to have these small interaction times and to manipulate a sequence of many atoms. A valuation of the experimental feasibility of our generation scheme is given in Sec. V.
IV. QUANTUM COMPUTATION WITH N GBS IN CQED
After giving an efficient method to generate N GBSs in a high-Q cavity, in this section we study the applicative interest in the CQED framework of these states for universal quantum computation, that requires the implementation of controlled-NOT (CNOT) and 1-qubit rotation gates [28] . Schemes of CQED exploiting N GBSs to realize these universal quantum gates have been recently shown for the case N = 2 [29] . Here we emphasize that those schemes can be immediately generalized to the case of an arbitrary value of N and we treat, as an example, the realization of a CNOT gate.
A. Dispersive atom-cavity interaction
The schemes to realize the universal quantum logic gates require a Rydberg atom dispersively interacting with the cavity field state. In particular, we consider a three-level atom with energy levels |g , |e and |i , where |g is the ground state while |i is the higher level. The cavity has a mode frequency ω slightly different from that of the transition |e → |i , ω ie , of an amount δ = ω − ω ie and the ground level of the atom |g is unaffected by the atom-cavity coupling [1] . The coupling of the cavity mode with the atom is then with the transition ω ie by the Jaynes-Cummings Hamiltonian.
If |δ| ≫ Ω, where Ω is the Rabi frequency between the cavity mode and the transition |e → |i , it is known that the effective atom-cavity coupling is described by the interaction Hamiltonian [1] 
where a, a † are the photon annihilation and creation operators and σ − eg = |g e|, σ + eg = |e g|. Considering an initial arbitrary cavity state |ψ = c n |n , the effect of this dispersive atom-cavity interaction is obtained, in interaction picture, by applying the operator e −iHIt/ to the total atom-cavity state 
We now suppose the cavity initially prepared in the N GBS |N, 1/2, φ and choose the atom-cavity interaction time t such that Ω 2 t/δ = π. Exploiting Eq. (32) and taking into account Eq. (1) together with the fact that |N, 1/2, φ − π = |N, 1/2, φ + π , we readily obtain
We call this particular dispersive interaction (DI) the π-DI, whose effect is to leave unchanged the initial N GBS if the atom is in the ground state |g , while to transform it to its orthogonal |N, 1/2, φ + π if the atom is in the excited state |e .
B. Logical qubit
We identify two orthogonal N GBSs as basis states of a logical qubit |0 L , |1 L , that is
An arbitrary qubit state |ψ = a|φ + b|φ + π , that is a quantum superposition of two orthogonal N GBSs, can be prepared in a cavity by the π-DI above, provided that the cavity is initially in the state |φ , two opportune Ramsey zones are applied before and after the cavity and the internal atomic state is finally measured [29] . The first Ramsey zone prepares the atomic state |χ = a|g + b|e while the second Ramsey zone performs a π/2-pulse [26] . If the outcome of the atomic measurement is |e , occurring with a probability of 50%, the procedure ends successfully. If the measurement outcome is |g , the qubit state obtained is instead a|φ − b|φ + π . We stress that this qubit preparation provides a method to generate a quantum superposition of two orthogonal N GBSs with N arbitrarily large, generalizing therefore the generation scheme already proposed for a superposition of 2GBSs in a cavity [15] .
C. Controlled-NOT gate with N GBSs
The CNOT gate involves two qubits, namely the control qubit and the target qubit, and its action is to leave unchanged the target qubit if the control qubit is |0 , while it flips the target qubit if the control is |1 . The final target state can be thus written |c ⊕ t . The global coherent action of the CNOT gate on two general qubit states |ψ t = a|0 t +b|1 t (target) and |χ c = c|0 c +d|1 c (control) is thus with |g = |0 c and |e = |1 c . This atom-cavity interaction, whose scheme is illustrated in Fig. 2, immediately gives
that coincides with the CNOT gate operation of Eq. (35). Thus, a CNOT gate can be realized in a simple and deterministic way in CQED by exploiting N GBSs and an opportune dispersive interaction of a control Rydberg atom with the cavity field.
V. ANALYSIS OF EXPERIMENTAL FEASIBILITY
In this section we discuss the feasibility of the proposed generation and controlled-NOT scheme, considering the typical experimental errors involved in atom-cavity interaction systems.
Our generation scheme requires that N atoms interact with the cavity each for a precise time T k (k = 1, . . . , N ), as well as the CNOT gate scheme requires a given atomcavity interaction time (t = πδ/Ω 2 ). However, the experimental uncertainty of the selected velocity ∆v induces an error ∆T on the interaction time such that ∆T /T ≈ ∆v/v. In current laboratory experiments it is possible to obtain a relative error ∆v/v ≤ 10 −2 [27] , which means that our schemes are rather robust to the experimental velocity fluctuations. From a comparison between the mismatches δ (N ) n of Tab. I and the correspondent relative errors due to the experimental uncertainties δ
2 it is possible to show that, for the case N = 3, the mismatches δ
n are smaller than δ (3) exp,n , while for N ≤ 4 the theoretical mismatches are of the same order or larger than the experimental ones.
We have also ignored the atomic or photon decay during the atom-cavity interactions. This assumption is valid if τ at , τ cav > T , where τ at , τ cav are respectively the atom and photon mean lifetimes and T is the interaction time. For Rydberg atomic levels and microwave superconducting cavities with a quality factor 10 8 ≤ Q ≤ 10 10 , one has 10 −5 s ≤ τ at ≤ 10 −2 s and 10 −4 s ≤ τ cav ≤ 10 −1 s. Since typical atom-cavity field interaction times are 10 −5 s ≤ T ≤ 10 −4 s, the required condition on the mean lifetimes can be satisfied [1] . The typical lifetimes of Rydberg atomic levels, τ at , are such that the atoms do not decay during the sequence of the experiment and the photon mean lifetimes τ cav are long enough to permit the cavity field not to decay during the interval between two consecutive atoms. The delay time between two consecutive atoms can be adjusted so that they cross the cavity one at a time, as required [1] . Moreover, the free evolution times of atoms and cavity field involved in the scheme can be determined by the geometrical configuration of the experimental apparatus.
The proposed generation scheme appears not to be affected by the non-perfect detector efficiency. Because of the high generation probability of the N GBS found here and being the typical atomic detection efficiency less than one (∼ 70%-80%), the use of atomic detectors to collapse the total state to the desired cavity state cannot further reduce the uncertainty on the generated cavity state itself. So, within the experimental limits, although the generation of the desired pure N GBS in principle requires the final measurement of the ground atomic states, following our scheme a final atomic measurement is not required; in this sense the scheme can be considered "quasi-deterministic".
As said at the end of Sec. III, our procedure could be in principle extended to any value of the maximum number of photons N . However, the experimental capabilities limit the number of photons. For example, we have already observed that the atom-cavity interaction times become very short (tend to zero) when N is very large (see Eq. (27) ). Moreover, increasing the number of photons N makes the decoherence time of the cavity field state to decrease as τ dec ∼ 2τ cav /N [30] and this in turns limits the reachable maximum number of photons. In fact, the condition T < τ dec is required in order that the cavity field does not decay during the interaction time T with the atom, that is N < 2τ cav /T . The interaction times of our scheme, given by Eq. (27) , are of the order of T ∼ 1/g √ N for N ≫ 1 that leads to an upper limit for N given by N < 4(gτ cav ) 2 . For a typical Fabry-Perot cavity technology (τ cav = 10 −3 s, g = 2π × 50 kHz [30] ) this inequality gives N < 10 4 . Currently, it is possible to manipulate sequences of few atoms (N < 10). However, the CQED experimental developments are rather promising and it could be soon possible to control a sequence of more than three atoms and generate a N GBS in laboratory [1, 31] .
VI. CONCLUSIVE REMARKS
In this paper we have proposed an efficient scheme to generate N -photon generalized binomial states (N GBSs) with a maximum number of photons N > 2 in the CQED framework. The scheme utilizes N consecutive two-level atoms interacting, one at a time, with the cavity field initially in the vacuum state. We have shown that, suitably fixing the interaction time of each atom with the cavity, the atom exits the cavity in the ground state with a probability near to one and, after the passage of the N -th atom, the resulting cavity field state is, with high fidelity, a N GBS. The parameters of the generated N GBS, as probability of single photon occurrence p and mean phase φ, are directly connected to the settings of the Ramsey zone that prepares the atomic state superposition before the atom enters the cavity (Sec. III). We have also discuss the applicative interest of N GBSs in quantum computation processing, showing that universal quantum gates can be realized in the CQED framework by choosing two orthogonal N GBSs as the logical qubit stored inside the cavity and exploiting an opportune dispersive atom-cavity interaction. In particular, we have described the realization of a CNOT gate using a Rydberg atom as control qubit (Sec. IV). From an applicative point of view, besides quantum computation, one could utilize the generation scheme proposed here to produce the N GBS |N, 1/2, π , having p = 1/2 and φ = π, that is exploited as reference field state for measuring the canonical phase of quantum electromagnetic fields [10, 11] . We have finally analyzed the feasibility of the proposed schemes, that seem not to be sensibly affected by the typical experimental limitations, in particular for values of N ∼ 10. We have pointed out that the maximum number of photons N reachable for the N GBSs generated by our efficient scheme is limited only by the current experimental capabilities (Sec. V).
The results of this paper open the way to the realization of schemes aimed at generating quantum superpositions of two orthogonal N GBSs inside a cavity (see, for example, the end of Sec. IV A) or entanglement of N GBSs in two spatially separate cavities, which can be useful both for investigations of the foundations of quantum theory, as classical-quantum border or nonlocal properties, and for quantum information processing. Moreover, the implementation of quantum computation protocols exploiting N GBSs and Rydberg atoms in CQED as suggested here (see Sec. IV) appears to be more convenient than that based on coherent states, where the non exact orthogonality and the requirement of teleportation protocols constitute some drawbacks [32] . 
Using the definition of binomial coefficients given in Eq. (2), from Eq. (A2) we then obtain
and finally
These are just the required conditions, c
n , in order that the total atom-cavity state resulting from Eq. (7) is factorized as |k, p, φ | ↓ , where |k, p, φ is the N GBS of Eq. (1) with N = k. Note that if one fixes Φ k = π in Eq. (8) the sign "+" of Eq. (A1) must be replaced by "−" and we would obtain a result analogous to Eq. (A4), with the sign "+" in place of "−", by considering positive values of the trigonometric functions of Eq. (A2).
